Brane-world stars from minimal geometric deformation, and black holes 
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We build analytical models of spherically symmetric stars in the brane-world, in which the external 
space-time contains both an ADM mass and a tidal charge. In order to determine the interior 
geometry, we apply the principle of minimal geometric deformation, which allows one to map General 
Relativistic solutions to solutions of the effective four-dimensional brane-world equations. We further 
restrict our analysis to stars with a radius linearly related to the total General Relativistic mass, 
and obtain a general relation between the latter, the brane-world ADM mass and the tidal charge. 
In these models, the value of the star's radius can then be taken to zero smoothly, thus obtaining 
brane-world black hole metrics with a tidal charge solely determined by the mass of the source and 
the brane tension. General conclusions regarding the minimum mass for semiclassical black holes 
will also be drawn. 

PACS numbers: 04.50.-|-h, 04.70.-s, 04.70.Dy 



I. INTRODUCTION 

It is well-known that black holes (BHs) are unsta- 
ble in four (and higher) dimensions because they emit 
Hawking particles a quantum effect signalled by the 
trace anomaly of the radiation field on the classical vac- 
uum black hole background 0-01 • A complete descrip- 
tion of BH evaporation would indeed require solving the 
semiclassical Einstein equations with the back-reaction 
of the evaporation flux on the metric, an extremely hard 
task. In the context of the Randall-Sundrum (RS) Brane- 
World (BW) models [|, it was shown in Refs. [a, 0| that 
the collapse of a homogeneous star leads to a non-static 
exterior, contrary to what happens in four-dimensional 
General Relativity (GR), and a possible exterior was 
later found which is radiative [1]. If one regards BHs 
as the natural end-states of the collapse, one may con- 
clude that classical BHs in the BW should suffer of the 
same problem as BHs in GR: no static configuration for 
their exterior might be allowed [1, [l^. Nonetheless, a 
static configuration was recently found in Ref. (see 
also Refs. [l^ for more explicit examples of static 
metrics), thus keeping the debate open as to what we 
should consider a realistic physical description of BHs in 
models with extra spatial dimensions. 

Solving the full five-dimensional Einstein field equa- 
tions with appropriate sources (BH plus brane) is indeed 
a formidable task (see, e.g. and References therein), 
and finding analytically manageable solutions does not 
seem likely. The approach we will follow here is there- 
fore to start from a consistent description of BW stars, 
with a static radius larger than the would-be horizon ra- 
dius of the system, and an outer geometry containing a 
tidal charge, which is usually regarded as independent 



from the ADM mass [ISj. We will then employ a (math- 
ematical) limit, which (formally) takes the star's radius 
to zero, and allows us to recover a space-time with a BH 
event horizon. Of course, there is no guarantee that such 
a mathematical process will reproduce the physics of a 
real gravitational collapse, or any sort of BH formation. 
We shall nonetheless find that the tidal charge is hence- 
forth naturally related to the ADM mass, and this will 
have interesting consequences which may help to better 
understand BH physics in the BW. 



A. BW basics 

We recall that, in the RS model, our Universe is a co- 
dimension one four-dimensional hypersurface of vacuum 
energy density pRs = A/pcr/^p (related to the bulk cos- 
mological constant and warp factor). We shall usually 
display the Newton constant Gn = /Mp explicitly and 
denote by £g ^ and Mq <^ Mp the fundamental 
five-dimensional length and mass {h = Mp £p = Mq ic)- 
The "brane density" parameter a thus has dimensions of 
an inverse squared length, namely a ~ Iq^ [Hi- 

In Gaussian normal coordinates = [x^,y), where 
y is the extra-dimensional coordinate with the brane lo- 
cated at y = (capitol letters run from to 4 and Greek 
letters from to 3), the five-dimensional metric can then 
be expanded near the brane as [l6j 



9ab 



9AB\y = Q 



2K 



£nKAB\y=0 y'^ , (1) 



where Kab is the extrinsic curvature of the brane, and 
£n the Lie derivative along the unitary four- vector h or- 
thogonal to the brane. Junction conditions at the brane 
lead to lil 
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(2) 



where T^i, is the stress tensor of the matter localized on 
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the branc, and llf 



(3) 



where £^i, is the projection of the Weyl tensor on the 
brane and f(T)f^i, a tensor which depends on T^^ and a. 



B. Junction conditions 



The well-known junction conditions in GR |18j allow 
for (step-like) discontinuities in the stress tensor T^^ 
(for example, across the surface of a star), keeping the 
first and second fundamental forms continuous. For thin 
(Dirac 5-like) surfaces, a step-like discontinuity of the 
extrinsic curvature K^j^^ orthogonal to the surface is also 
allowed if the metric remains continuous jisj . 

However, since a brane in RS is itself a thin surface, 
it generates an orthogonal discontinuity of the extrinsic 
curvature Kab in five dimensions. Moreover, disconti- 
nuities in the localised matter stress tensor T^^ would 
induce discontinuities in the extrinsic curvature ^ tan- 
gential to the brane, which should appear in the five- 
dimcnsional metric (HJ . Such discontinuities of the metric 
gAB arc not allowed by the regularity of five-dimensional 
geodesies. Moreover, because of the second order term 
in Eq. ([T|), and considering Eq. ([3]), we can not allow 
the projected Weyl tensor to be discontinuous on the 
brane either. One can understand the physical mean- 
ing of the above regularity requirement by considering 
that, in a microscopic description of the BW, matter 
should be smooth along the extra dimension, yet local- 
ized on the branc (say, within a width of order a~^^^, see 
e.g. Ref. [111). s-i^y ^^ch description, the continuity of 
five-dimensional geodesies must then hold and, in order 
to build a physical model of a star, one has to smooth 
both the matter stress tensor and the projected Weyl 
tensor across the surface of the star along the brane. 



C. BW stars and MGD 

In our analysis of BW stars, we shall employ the effec- 
tive four-dimensional equations of Ref. [13]. In general, 
these equations represent an open system on the brane, 
because the contribution f^jy from the bulk Weyl tensor 
remains undetermined after projecting Einsten's equa- 
tions onto the brane, and identifying specific solutions 
requires more information on the bulk geometry and a 
better understanding of how our four-dimensional space- 
time is embedded in the bulk. 

Nonetheless, it is possible to generate the BW version 
of every spherically symmetric GR solution through the 
minimal geometric deformation (MGD) approach [20| . 
This method is based on requiring that any BW solu- 
tion must reduce to a corresponding four-dimensional 
GR solution at low energies (that is, energy densities 
much smaller than a). In practical terms, from the 



point of view of a brane observer, the existence of gravity 
in the extra dimension induces a geometric deformation 
in the radial metric component, which is the source of 
anisotropy on the brane. When a solution of the four- 
dimensional Einstein equations is considered as a possi- 
ble solution of the BW system, the geometric deformation 
produced by extra-dimensional effects is minimized, and 
the open system of effective BW equations is automat- 
ically satisfied. This approach was successfully used to 
generate physically acceptable interior solutions for stel- 
lar systems [2l|, and even exact solutions were found in 
Ref. [H. 



D. Outline 

The remaining of the paper is organised as follows: In 
Section ini we shall briefly review the general BW formal- 
ism and description of spherically symmetric BW stars, 
with particular emphasis on the principle of MGD, as 
a means to obtain interior solutions, and matching con- 
ditions at the star's surface. The exterior metric will 
naturally be chosen to contain a tidal term and be of the 
form given in Ref. In Section Hill we will obtain sev- 
eral explicit relations between the ADM mass and tidal 
charge determined by specific choices of the star distribu- 
tions and compactness. In Section ITVl we shall reconsider 
such BW metrics for the star exterior and impose auxil- 
iary conditions in order to enforce a "BH limit" , as was 
first done in Ref. [l^. We shall show that such condi- 
tions relate the outer tidal term to the ADM mass A4 and 
can be used to obtain a minimum mass for semiclassical 
BW BHs. Finally, we shall briefiy discuss our findings in 
Section IVl 



II. BW STAR MODELS 

The simplest GR model of a star collapsing to form a 
BH, the Oppenheimer-Snyder (OS) model [23|, is known 
to be unreliable in the RS scenario @ . In Ref. [25| , mod- 
ifications to the OS model based on the Tolman geome- 
try [2^ were therefore studied, showing that it converges 
to the GR solution at low energies and both the mat- 
ter stress tensor and the projected Weyl tensor £^^1, 
are continuous, as discussed above. It was then shown 
that, for a collapsing star of small energy density on an 
asymptotically flat brane, the full flve-dimensional dy- 
namics of the innermost region determines the entire evo- 
lution of the BW system. In particular, the total energy 
of the system is conserved [3y] and the collapsing star 
"evaporates" until the core experiences a "rebound" in 
the high energy regime (when its energy density becomes 
comparable with a) , after which the whole system "anti- 
evaporates". This suggested the possibility that a col- 
lapsing dust star eventually goes back to the state which 
it started from. 

Unlike the present work, no effort was made in Ref. [25| 
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to determine solutions in which the inner pressure of the 
star can balance both four-dimensional gravitational at- 
traction and tidal effects to generate a static solution. 
In this Section we will study models of stable BW stars, 
with density and pressure, and obtain the external metric 
by imposing the usual junction conditions at the star's 
surface and the principle of MGD. 



General framework 



described by a perfect fluid with four- velocity m'^, and 
hfj.v = g^iv — u^u^ will then denote the projection tensor 
orthogonal to the fluid lines. The extra terms 5*^,^ and 
Sfj^i, represent the high-energy and Kaluza-Klein correc- 
tions, respectively, and are given by 

V = 4 — + -24"^-^ "^ J 

where T = T". and 



In the context of the RS model, five-dimensional grav- 
ity induces modifications in the Einstein's field equations 
on our (3-|-l)-dimensional observable universe, the brane, 
which then take the effective form [la, [l3 



G 



(4) 



where /c^ = 8 tt Gn , A is the cosmological constant on 
the brane (not to be confused with the necessarily non- 
vanishing bulk cosmological constant) a: 
tive energy-momentum tensor given by 



rp 6 ^ ^ 



1 

8^ 



4 

(T 



(5) 



In the above, T^^ is again the usual stress tensor of mat- 
ter localized on the brane, a the brane tension described 
in the Introduction, S^i, and E^^, the high-energy and 
non-local (from the point of view of a brane observer) 
corrections respectively, and a term which depends 
on all stresses in the bulk but the bulk cosmological con- 
stant. 

In this work, we shall consider only a cosmological con- 
stant in the bulk (which, by fine tunning, will produce 
A = on the brane), hence 



which implies the conservation equation 
V T., = , 



(6) 



(7) 



so that there will be no exchange of energy between the 
bulk and the brane. We shall only consider BW matter 



F 



(9) 



with U the bulk Weyl scalar, and V^j^y and the 
anisotropic stress and energy flux, respectively. The form 
of these terms can be further restricted by assuming 
spherical symmetry on the brane. 

B. Spherically symmetric stars 

For our stars, we shall consider spherically symmetric 
static distributions, hence = and 



(10) 



where is a unit radial vector. The line clement is 
therefore given, in Schwarzschild-like coordinates, by 



ds^ = e" df - dr^ - {dO^ + sin^ 6 dcj?) , (11) 



where v — vir) and A = A(r) arc functions of the arcal 
radius r, which ranges from r = (the star's centre) to 
r = R (the star's surface). 

The metric (jll[l must satisfy the effective Einstein field 
equations which, for A = 0, explicitly read 



1 



-X 



X 



- - (12) 



PP 



fc4 



4 V 



-A 



(13) 



\ 2 V' 
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2 v" + -X'v' + 2 - 



A'" 



(14) 



Moreover, 



where /' = drf ■ We then note that four-dimensional GR 
equations are formally recovered for a^^ — !> 0, and the 



(15) 



4 



conservation equation (|15p then becomes a linear combi- 
nation of Eqs. dm)- dm). 

The Israel-Darmois matching conditions [ll] at the 
stellar surface S of radius r = R give 



, 



(16) 



where = f{r ^ R+) - f(r i?"). Using Eq. ^ 
and the general field equations (HJ, we find 



, 



(17) 



which, for the specific form of our metric and fluid source, 
leads to 



P 



PP 



U 



4 V 
fc4 7 



(18) 



Since we assume the star is surrounded by empty space, 
p = p ^ for r > R, this matching condition takes the 
final form 



PB. 



1 

a 

a 



PrPr 



4 V 



R 

a 



where ft 



7±\ 



(19) 



fR = /(^ ^ ^^)' '^itl^ PR = Pr s-'^d PR = Pr- 
Eq. (|19p gives the general matching condition for any 

static spherical BW star [2^, [2^. In the limit a^^ — > 

0, we obtain the well-known GR matching condition 

p/j = at the star surface. In the particular case of 

the Schwarzschild exterior, = = 0, the matching 

condition (IT9l) becomes 



PrPr 



fc4 cr 



= . (20) 




FIG. 1: Schematic picture of a BW star: the interior is char- 
acterized by the density p, pressure p and star radius R, the 
exterior geometry by the ADM mass M and tidal charge q. 
The brane has tension a, fine-tuned with the bulk cosmolog- 
ical constant, so that the brane cosmological constant A = 0. 



fc2 a " 6 1 



(22) 



This clearly shows that, because of the presence of U]^ 
and P]^, the matching conditions do not have a unique 
solution in the BW. 



6 U 

fc4 



^(p1 

(T V 2 



PP 



G\) -3p,(23) 



C. MGD stars 



with 



We now proceed to describe in general the model of 
a BW star starting from its interior, which will be ob- 
tained from known GR solutions by means of the MGD 
approach. We then apply the matching conditions at the 
star surface with a prescribed external geometry. 

A pictorial representation of the system and relevant 
variables can be seen in Fig. [TJ 



1. General star interior 

It is easy to see that the field equations (|12p - p^ can 
be rewritten as 



U2 



1 



1 fp^ 6 



dx (21) 



ri - 

U 1 — - 



and 



2y" 



-A 



A' y' + 2- 



(24) 



A' 



(25) 



Eq. (PT|) is an integro-differential equation for the func- 
tion A = A(r'), something completely different from the 
GR case, and a direct consequence of the non-locality of 
the BW equations. The only general solution known for 
this equation is given by [20| 
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e"^ = 1 - — / pdx + e^' 
T Jo 



^ "1" - 



where 



H{p,p, v) + — {p' + ?,pp) 
a 



Geometric deformation 



, 2v' 1 

2 r 



dx = p,{r) + /(r) , 



(26) 



r 



(27) 



and 



/ = 



Note that the function 



2 ^ r ^ 7^ ) 



dr 



p{r) 



1 



x^ pdx = 1 — 



2 m[r) 



(28) 



(29) 







contams the usual GR mass function m = £pM/Mp, 
whereas the function H{p, p, v) encodes the anisotropic 
effects on p, p and i/ due to bulk gravity. 

A crucial observation is now that, when a given GR 
solution is considered as a candidate solution for the BW 
system of Eqs. p^ - ([TS|) [or, equivalently, Eq. ([TS|) along 
with Eqs. ([IT]) -((231)], one obtains 



Hip,p,i^)^0 



(30) 



Consequently, the geometric deformation undergone by 
the radial metric component, explicitly shown as / = 
/(r) in Eq. (|26p . is minimal. This provides the foundation 
for the MGD approach In particular, this approach 
yields a minimal deformation / = f*{r) given by Eq. ((26|) 
with H — 0. that is 



fir) 



2fc2 



-I{r) 



X e 



I(x) 



xv' + A 



{p^ + 3pp)dx. (31) 



Note that Eq. ([51]) implies the geometric deformation 
/*(r) > for r > 0, hence it always reduces the effec- 
tive interior mass [see also Eqs. ([36)) and (|37)) below]. On 
the other hand, Eq. pip represents a minimal deforma- 
tion in the sense that all sources of the deformation have 
been removed, except for those produced by the density 
and pressure, which will always be present in a realis- 
tic stellar distribution [13 . It is worth emphasising that 
the geometric deformation /(r) shown in Eq. ([^5]) indeed 
"distorts" the GR solution given in Eq. The func- 

tion f*{r) shown in Eq. (j3ip will therefore produce, from 
the GR point of view, a "minimal distortion" for any GR 
solution one wishes to consider. 



lution for a spherically symmetric distribution of matter 
in GR. This situation changes in the BW, where extra- 
dimensional gravity effects imply that the Schwarzschild 
metric no longer represents a valid exterior geometry. 

In order to investigate how the MGD approach applied 
to stellar interiors affects the matching conditions at the 
star surface, and the corresponding exterior geometry, 
we consider a solution to the effective four-dimensional 
vacuum Einstein equations jT^ . namely a metric such 
that 



1 



i?" =0 



(32) 



This will represent the geometry outside a spherically 
symmetric stellar BW source, where we recall that 
extra-dimensional effects are contained in the projected 
Weyl tensor 8^^. Only a few analytical solutions are 
known (lT| - [l3l [Tsl . [30|, one of them being the tidally 
charged metric of Ref . ■ This metric is of the form in 
Eq. ([ni) with 



A = A, 



and 



Mp r 



corresponding to 



Att a q 
3r4 



(33) 



(34) 



(35) 



where M. is the BW ADM mass and q is the tidal charge. 
It represents the simplest extension of the Schwarzschild 
solution, and has been extensively studied, e.g. in [3ll - [33| 
and References therein. 

It is important to remark that the tidal charge q and 
ADM mass M are usually treated as independent quan- 
tities. However, by studying the interior BW solution of 
compact stars, it will be possible to obtain a relation- 
ship between q and Ai from the usual Israel's junction 
conditions llSll. 



2. Star exterior with tidal charge 



3. Matching conditions 



In four dimensions, it is well known that the 
Schwarzschild metric represents the unique exterior so- 



The interior geometry will be represented by a generic 
solution of the form pil) , with the non-trivial metric el- 
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emcnt in Eq. ((26 



e"^ = 1 — 



(36) 



where the interior mass function rh is given by the MGD 
prescription ([5T|). 



m(r) = m(r) - - /*(r), 



(37) 



and m = m(r) is the usual GR mass function, as shown 
in Eq. (f29| . We then consider the junction conditions at 
the star surface r = R between the metric ([M)) and a 
general interior solution of the form ([TT|) with A = A(r) 
given by Eq. and = i^(r) to be specified later. This 
leads to the three equations 





2£pM 
^ MpR 


q 


1 


(38) 


2M 
R 


2 M Mp 






(39) 


q 

i?4 








(40) 



where = v^{R), v'j^ = dri'-\r=R^ M = m{R) is the 
total GR mass of the star, pu = p{R) the pressure at 
the surface, and = f*{R-M,a) encodes the MGD at 
r^R. 

In particular, the tidal charge q in Eq. (|40p can be 
obtained from the second fundamental form given by 
Eq. (|19p , which in our approach reduces to 



Mp 



PR 



n 



(41) 



On using the tidally charged metric and the Weyl 
functions (|35p in Eq. (|4ip . we find the expression shown 
in Eq. (gOl). Now, from Eqs. ^ and (gOl), we obtain the 
tidal charge as 



Mp _ / Ri^'j^ + l ^^ /2M 2X\ 2 
\Ru'j^ + 2) \ R R 

2 + Riy'j^ ' 



(42) 



where Ri^'j^ in Eq. is given by setting r = i? in the 
general BW expression 



, k pr + 2rh/r 
1 — 2 77i/r 



(43) 



where to was defined in Eq. ([57)1 and the effective BW 
pressure reads 



p = p 



1 

2 



4 P 



(44) 



The above Eq. (|43p is obtained by inserting the generic 
interior solution (|36l) in the field equation (|13p . 



From Eqs. (|42)) - p4)) . it is clear that different interior 
solutions will produce different expressions relating the 
tidal charge q and ADM mass Ai, which, as we men- 
tioned before, are usually treated as independent quan- 
tities. With this information in hands, the next natural 
step is to consider convenient interior solutions leading 
to a simple relationship between q and Ai. A simple 
enough relationship will also make it easier to study the 
properties of the BH associated with the tidally charged 
metric ([34]), as we will show in due course. 



III. ADM MASS AND TIDAL CHARGE 

Before we proceed, it is worth recalling a few properties 
we expect q should have. First of all, if no source is 
present and = 0, as well as in the GR limit cr^^ — > 0, 
the tidal charge q should vanish. Secondly, q should also 
vanish for very small star density, that is for i? — > cx) at 
fixed M and a. 

The simplest expression for q holding the above fun- 
damental requirements is given by 



2 KM 
(jR 



(45) 



where isT is a constant with the same dimensions as Gn- 
The form (pS)) corresponds to the following value of the 
pressure at the star surface 



AttR^Pr 



3 _ MpM K 
epaR^ 



{2 + Ry'^) 



+ {M-M){l + Rv'j^) 



(46) 



which, as it is well known, does not need to be zero in 
the BW. To ensure an acceptable physical behaviour, in 
Eq. pS)) we must have 



M 
M 



-I < 



MpK 



R^'r 



cr i?2 V 1 + Rv' 



(47) 



Note that pr for i? — > oo (at fixed Af, M and a), 
as well as for cr~^ — > (at fixed i?), if — >■ M in the 
same limit [in fact, see Eq. below]. In the simpler 
case Pi?, = 0, the charge (|45|) corresponds to the matching 
condition 



Rv'r 



(M- 



^1 -TWTT 



R 

where we must have 
M K Mp 



(M - M) 



MKMp 



aR^ ip 



< {M -M) < 



2MKMp 
aR^ £p 



(48) 



(49) 



to ensure an acceptable physical behaviour in the interior. 
Thus, we may say that the matching conditions (|46|) or 
(j48l) lead to the simple exterior solution 



1 



2epM 2 KM 



Mpr 



(jRr^ 



(50) 
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The star radius R in the solution ((50)) is still a free pa- 
rameter. However, it can be fixed for any specific star 
interiors, as we will see in the next Section. 

First of all, notice from Eq. P5|) that the ADM mass 
M can be written as 



M 



i?2 



(51) 



We may therefore consider different interior BW solu- 
tions yielding specific R — R{M). Secondly, in the MGD 
approach, we can always Taylor expand the geometric 
function v = i'{r] a) in terms of the brane tension a as 



(52) 



where i^gr('') is the GR solution of the geometric function 
v and F* is a functional of the geometric deformation 
/* = /*('')■ The above expansion implies that, at the 
star surface, v'j^ in Eq. (j5ip can be written as 

^'b{<^) = ^gr(^) + F*'l=R + ^('^"') • (53) 
The ADM mass in Eq. (I5l1) can then be expressed as 
Mi?2 



M 



i?2 



K Mp 



0(a- 



(54) 



which shows that the GR solution z/qr for the interior 
geometric function i/ in Eq. (|5ip determines corrections 
of order ct~^ in the BW ADM mass M. 

In the following we shall always consider solutions with 
a linear relationship, 

RocM , (55) 
between the GR mass M and star radius R. 

A. A linear BW star solution 

A BW solution with the property ([55]) was found in 
Ref. d^l, and is given by 



where the density is 

fMp\ C {9 + 2Cr'^ + C'^ 



p{r) = Cp ^ . '- , (57) 



and the pressure is 



p{r) 



(58) 



with A and Cp are also constants. Here C is a function 
of the brane tension a and can always be expressed as 

C(<j) = Co + 0{<7) , (59) 




FIG. 2: Qualitative behaviour of the tidal charge q — q{M) 
(solid line), q = q{M) (dashed line), and M = M{M) (dotted 
line). Units are arbitrary. 



where Cq is the GR value of C, and is obtained by im- 
posing pji = (the GR value of the pressure at the star's 
surface) . 

The 0{a) corrections are proportionals to the (mini- 
mal) geometric deformation /* = f*{r) and always de- 
pend on the matching conditions. The fact that the func- 
tion C((t) can be expanded as shown by Eq. ([59)) implies 
that the geometric function v can also be expanded as 
shown in Eq. (|52p . where the GR solution i/qr is ob- 
tained by using Cq in Eq. ((55)) . This solution yields 



R^2n 



M 



Mp / a 



(60) 



56 



1.6. The general form of the ADM 



mass and tidal charge q are then given by 



M 



Ml M^ ' 



and 



CpK£l^MpAP 



fi,£p M^+n^GlK^Ml 



(61) 



(62) 



(56) where n, fii and n2 are numerical coefficients of order 
one, and a ~ was used in the expressions for the 



ADM mass and tidal charge ((45)) . 

Note that Eq. ((FT)) could now be used to express 
M = M{AA) in Eq. ((5^ . thus eliminating the (unmea- 
surable) M from the metric, and yielding q = q{M). In 
particular, it is clear that the ADM mass equals M for 
very large GR mass M, 



(63) 



The tidal charge also monotonically increases with M, 
but it asymptotes to the constant 



CpKl%Mp 



ni ip 



(64) 
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For the general qualitative behaviour of these quantities, 
see Fig. [21 

Several choices of K and Cp can then be considered. 



leads to the same asymptotic value (|68|) of the tidal 
charge, which therefore implies that q is practically neg- 
ligible at all macroscopic scales. Moreover, 



The microscopic BH 



M 



M3 



A/2 



(71) 



The choice 



Co 



Mp 



(65) 



and 



■ ^2 m| 



(72) 



which shows that the ADM mass also becomes negligibly 
small for M ~ Mq, 



was studied in details in Ref. I23i , and leads to 



M = 



M2 



niMl 



and 



il M2 



n (A/2 



niA/2) ' 



(66) 



(67) 



where ni ~ 0.14. Note that the asymptotic tidal 
charge takes the rather natural BW value 



ni 



nni 



^2 



(68) 



and is therefore negligibly small for macroscopic stars. 
This result means that a star of finite size will not probe 
the existence of an extra-spatial dimension, unless its ra- 
dius R and mass M are close to the typical length £q 
and mass Mq of the RS model. At this point the star 
density p ^ Mq/£q ~ tr and the tidal term appears 
as a consequence of the truly five-dimensional nature of 
space-time. 

The ADM mass and tidal charge ([57)) do not ex- 
plicitly depend on the star radius /?, and we can therefore 
assume they remain valid in the limit /? (or, more 
cautiously, R < Iq). Correspondingly, the exterior met- 
ric given by Eq. (|50p becomes 



1 



2 £p A/3 



A/p (A/2 



ni A/2)r 



1 



2n£pM r 



(69) 



which can be used to describe a BH of "bare" (or GR) 
mass M. This will be analysed in the last Section, along 
with other interior solutions. 



M 



Mr 



and analogously for the tidal charge 



q ■ 



A/ 



(73) 



(74) 



Since it is A4 which measures the gravitational 
strength of a star in the weak field limit, one can view 
the above expressions as describing a screening of the 
star's gravitational field for very small GR mass. In fact, 
this screening effect seems somewhat similar to the van- 
ishing of the ADM mass in the neutral shell model of 
Ref. iMlsi. 



3. More general K with Cp — 1 

Keeping Cp = 1, we shall now look at other expressions 
for K. 

For instance, the choice 



K 



Mp) I A/p j 



yields 



Mc 



9oo - \ 71 r 

ni \ Alp 



(75) 



(76) 



which can be very large or small depending on the sign 
of a. In particular, positive values of a imply a totally 
negligible tidal charge, and we will consider this case just 
for completeness. Further, 



2. Gravitational screening 



The choice 



M 



M 



(77) 



K = 



A/p 



(70) 



and 



{Mo/Mpril 



(78) 
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which, for M Mq, respectively become 
M 



and 



(79) 



ni+n2 (it 
For M ~ Mg, we then have 



(80) 



4 — a 



(81) 



and 



>1 ~ A/g , a > 4 , 



a < 4 , 



(82) 



The first case (a < 4) therefore generalises the kind of 
screening effect we described in Section fill A 21 whereas 
the second case (a > 4) would lead to a Schwarzschild- 
like exterior metric with ADM mass of the order of M ~ 
Mq. However, as we noticed before, the tidal charge is 
always negligible for a > and the case a > 4 is therefore 
of no physical interest, since it practically coincides with 
the standard Schwarzschild geometry for all GR masses 
M > Mq. 

Another choice we shall now describe is given by 



\Mg) \MpJ 



from which we obtain 



^^/Mg 
n-i \ Afp 



0-2 



(83) 



(84) 



which coincides with the previous case for /? = a + 2. In 
fact, the ADM mass 



M 



M 



/3-4 



(85) 



and charge 



(86) 



in the limit for M ^ Mq, yield 

Af 



M 



13-6 ' 



(87) 



and 



Again, in the limit Af ~ Mq, we obtain 



(89) 



M^Mq , /3 > 6 



and 



qc.li /3<6, 



P-2 



(90) 



which reproduce the same behaviour as Eqs. (|8ip and 
The case of /? > 2 again leads to negligible tidal 
charge and we are just left with a large parameter range 
(/3 < 2) with gravitational screening. There is therefore 
hope that such a behaviour may represent a general fea- 
ture of (some) BW metrics in the limit M ~ Mq. 



B. More linear interiors 

In order to assess the generality of the results obtained 
so far, we shall now consider other interior BW solutions 
satisfying the condition (j55|) . or more specifically, solu- 
tions leading to Eq. and therefore to Eqs. (|66p - ((57)) 
when Eq. (|65p is chosen. First of all, it is important to 
note that the constant n appearing in the solution (j60p 
is proportional to the inverse of the compactness M/R. 
Therefore any given value of the parameter n for the in- 
terior BW solution (|60)) will represent a specific stellar 
distribution characterised by a given compactness. 

We then consider two different BW interior solutions: 
a non-uniform and a uniform stellar solution. 



1. Non-uniform interior 

We will first consider the non-uniform stellar distri- 
bution found in Ref. [2l|, which represents a physically 
acceptable solution to Eqs. ([T^ - ([TS|) . In fact, the corre- 
sponding metric is regular at the origin, with well-defined 
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mass and radius, pressure and density are positive defi- 
nite and decrease monotonically with increasing radius, 
and so on. The metric elements read 



-A(r) _ 



and 



= 1 - 



'SCi 



2(1 + Cr2) 



+ .rM 



^(1 



Cry 



corresponding to a density 



p(r) 



3 C (3 + Cr2) 
2fc2(i + C'r2)2 



and pressure 



p(r) = 



9C(1-Cr2) 
2fc2(l + C'r2) 



2 ' 



(91) 



(92) 



(93) 



(94) 



with interior Weyl functions U and V given by compli- 
cated expressions we shall not show here. 

The geometric deformation /* = /*(r) in Eq. (|9T|) is 
found by using Eqs. (I92|)-(l94l) in Eq. dH!])) and C = C{a) 
as a function depending on the geometric deformation 
evaluated at the star surface r = R. The star radius is 
consequently given by Eq. ((60)) with a specific value for 
n, namely n = 4/3 and ni ~ 0.18, corresponding to a 
specific compactness of the stellar distribution. When 
the relationship between K and Cp is given by Eq. (|65p . 
this interior geometry leads to Eqs. (|66|) and (|67|) . so that 
the exterior geometry is again given by Eq. ()69|) . which 
as before can be used to describe a BH of "bare" mass 
M (see last Section). 



Indeed, both Weyl interior functions U and V are in gen- 
eral proportional to the compactness of the stellar distri- 
bution. This metric reads 



and 



with density 



and pressure 



fc2 C2 



3S,/1 



A-B 



_ ^ 



(95) 



(96) 



(97) 



(98) 



The interior Weyl functions U and V are again omitted 
for the sake of simplicity, and the function /* = f*ii") 
in Eq. (|95|) is the geometric deformation found by using 
Eqs. (IMll-dMl) in Eq. §T^i. 

This solution represents a BW uniform compact stel- 
lar distribution and leads to Eq. (pO]) with a value for 
n depending on the matching conditions at r = i?. For 
instance, for pfi = 0, A = 1 and B = 1/2, we obtain 
6*2 = (9/5) i?2, leading to n = 9/5 and rii ~ 0.1, again 
corresponding to a specific compactness. When the re- 
lationship between K and Cp is given by Eq. ([GS]). this 
interior geometry leads to Eqs. (|66l) and (|67| . so that the 
exterior geometry is again given by Eq. ()69|) . which as 
before can be used to describe a BH of "bare" mass M. 



2. The Schwarzschild B W solution 

In GR, the well-known Schwarzschild interior metric, 
representing a uniform stellar distribution, is the only 
stable solution for a bounded distribution ^36] which 
matches smoothly with the Schwarzschild exterior met- 
ric. It is also important to note that, in the BW, the 
collapse of a uniform star leads to a non-static exterior 
solution H, [s^l- Nonetheless, the study of this inte- 
rior solution in the BW context represents a scenario of 
great interest. Indeed, in the pioneering work of Germani 
and Maartens [l^, a BW solution for the Schwarzschild's 
interior solution was reported, but only high-energy cor- 
rections were considered, leaving out the effects of Weyl 
functions inside uniform distributions, which we now 
know are necessary for a consistent description. 

When the Schwarzschild interior solution is considered 
in the MGD approach, using local high-energy correc- 
tions along with non-local bulk terms, a consistent BW 
solutions can indeed be found, showing that non-local ef- 
fects play a relevant role inside the stellar distribution. 



IV. BH LIMIT AND MINIMUM MASS 

We shall now review the BH limit for the case in Sec- 
tion iHlXl] as previously analysed in Ref. [1^, and com- 
pare with what can be obtained from the other star so- 
lutions described above. 

Introducing the dimensionless proper mass M = 
M/Mq in Eqs. ^ and dST]), we obtain 



M = 



M 



AIg AP + ni 0.14-hM2 



and the corresponding dimensionless tidal charge 
M2 M2 



q 

1=12 



n{ni+AP) 0.22 -h 1.6 M2 



(99) 



(100) 



From Eq. (|67|). an important result for microscopic BHs 
was inferred. The condition that is usually taken to de- 
fine a semiclassical BH is that its horizon radius i?H be 
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larger than the Compton wavelength Xm ~ Mp /M 
(see im and References therein), 



Rh Xm ■ 

From Eq. (j34p . wc obtain the horizon radius 



(101) 



£p / 



-if - (102) 



/2 



and the classicality condition (|10ip reads 



(103) 



We define the critical mass as the value of M which 
saturates the above bound. In order to proceed, we shall 
expand for M ^ y\4 ~ AIq ^ Mp, thus obtaining 



Hi 



Xij - Ml ll - Ml ^ £l 



M^q 



1 



ip 



which yields 



Mc ~ 1.3 Mg , 



(104) 



(105) 



(106) 



or Mc — 1-2 Mg, from Eq. (|M)) . This can be viewed as 
the minimum allowed mass for a semiclassical BH in the 
BW 

When the non-uniform BW solution given by 
Eqs. (|nT|) )- (|M)) is considered, the corresponding values 
n = 4/3 and ni ~ 0.18 used in Eqs. ^ and (fTOO)) yield 



M 



M3 



0.18 + M2 



and 



M 



:r2 



0.24+ 1.3 A/2 



(107) 



(108) 



Therefore, this non-uniform BW solution can also be as- 
sociated with a minimum mass, allowing for the existence 
of semiclassical BHs in the BW, given by 



Mc ^ 1.2 Mc 



(109) 



The compactness is the main difference between the two 
non-uniform stellar distributions studied here, and this 
seems the most likely cause of the slight difference be- 
tween the critical mass shown in Eq. (|106p (less compact) 
and Eq. (|109p (more compact). 

On the other hand, Eqs. dHS]) and (jlOOp evaluated for 
the Schwarzschild BW solution given in Eqs. (|95|) -(|98 | . 
with n = 9/5 and ni ~ 0.1, yield 



M 



M^ 



0.1 + M2 



(110) 



and 



M2 



0.18 1.8 M2 



(111) 



Hence, the corresponding minimum mass for a semiclas- 
sical BH in the BW would now be given by the somewhat 
larger 



Mr 



1.9 Mc 



(112) 



We note that the Schwarzschild solution has the largest 
value for n, that is, it represents the less compact distri- 
bution among the three solutions discussed here. Again, 
wc found evidence showing that less compact distribu- 
tions correspond to greater critical mass Mc. 

We can conclude that different values of the compact- 
ness for the star we assume as the starting point of the 
mathematical limit leading to a BH result in different 
minimum allowed masses for semiclassical BHs. It is 
already clear that the compactness of the stellar solu- 
tion associated with the interior geometry plays a fun- 
damental role in the study of the BH showing up from 
the exterior solution. Indeed, when solutions satisfying 
the condition (|60| are considered, therefore leading to 
Eqs. (|66|) - (|67| when Eq. ([65]) is chosen, we can find a 
general result relating the compactness of the interior so- 
lution and the minimum allowed mass. From saturating 
the condition (|10ip . that is i?H — Aj\/, wc find APq ~ 1, 
which yields Eq. p05p . Hence, 



M' ~ - 




> n 



(113) 



Now, from GR we know that the compactness of any sta- 
ble stellar distribution of mass M and radius R must sat- 
isfy the constraint M/R < 4/9. This bound in Eq. (pO)) 
leads to n > 9/8, and 



MA>1 . 



(114) 



We must therefore have Mc > Mc, and the linear rela- 
tion (|60p between M and R will always lead to a critical 
mass Mc above Mg. 



V. CONCLUSIONS 

In this paper we have constructed analytical models of 
spherically symmetric stars in the BW, such that the ex- 
ternal space-time contains both an ADM mass Ai and 
a tidal charge q. In order to determine the exterior 
geometry, namely, to satisfy the physical requirements 
for a general relationship among the ADM mass A4, 
tidal charge q and brane tension a, we employed Israel's 
matching conditions at the star surface r = i? on the 
brane, and considered several candidate BW interior so- 
lutions with total GR mass M. In particular, all the in- 
terior solutions were obtained from the principle of MGD 
applied to known GR solutions. 
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Our subsequent analysis was restricted to stars with a 
radius R linearly related to the total GR mass M, thus 
resulting in a relatively simple relation between M , the 
BW ADM mass A^, the tidal charge g, and two (arbi- 
trary) dimensional constants, K and Cp. These constants 
were conveniently chosen so as to generate manageable 
expressions and (hopefully) physically relevant solutions. 
An interesting feature emerged then that, in all of the 
models we have analysed, the value of the star's radius 
can be taken to zero smoothly, without encountering sin- 
gular expressions for M = M.{M) oi q = q{M). This 
mathematical procedure therefore yields BW BH metrics 
with a tidal charge solely determined by the mass of the 
source M, or equivalently Ai (and the brane tension). 

Of course, the details of our models depend on the 
choice of those two constants K and Cp. The first one 
[defined in Eq. (|45p ] is simply a coefficient of proportion- 
ality between q and A4, whereas the second one [intro- 
duced in Eq. ([57)1 ] should be related to the likely typi- 
cal density of a star distribution for the specific problem 
one is addressing. Indeed, for the purpose of describing 
BHs in the BW, Cp should be chosen so as to model 
the properties of BW matter in the limit of vanishing 
star radius, R £g (or, more realistically, at the end- 
point of gravitational coUapse). Together, K and Cp de- 
termine the asymptotic value qcx> of the tidal charge for 
stars of very large GR mass AI (or, equivalently, ADM 
mass A^). The simplest choice, namely K = £p/Mp and 
Cp = 1 (for which q^o ~ was first shown in Sec- 



tion 1111X2] to yield an interesting gravitational screening 
effect, namely A4 <^ Mq for M ~ Mq, which resem- 
bles the vanishing of the ADM mass in the GR neutral 
shell model of Ref. [13, H^- In fact, even in this model 
of fundamental particles as worm-holes, the proper mass 
M remains finite in the "point- like" limit, but the cor- 
responding ADM mass vanishes [4l|. Keeping Cp = 1, 
more general forms of K were also considered, always 
yielding a tidal charge g -C £q for M ~ Mq. Further, 
the gravitational screening was seen to occur again in a 
whole family of cases [see Eqs. (|5T|) with a < and ((M)) 
with fi <2]. 

The specific choice of K and Cp in Section [llTXT] rep- 
resents the microscopic BH case previously studied in 
Ref. [23j . where a minimum (critical) mass Mc for semi- 
classical BHs was derived. Two more BW solutions were 
then considered in this limit, a non-uniform one and the 
uniform Schwarzschild BW interior, corresponding to dif- 
ferent star compactness M/R. It was then found that 
different ratios M/R produce different minimum allowed 
mass Mc for semiclassical BHs, although the magnitude 
of the variation is not particularly significant, since one 
always finds Mc ^ Mq. In fact, we were able to show 
that, assuming the simple linear relation between M and 
R given in Eq. (|60p . and the well-known GR constraint 
M/R < 4/9, always lead to a critical mass Mq above 
Mq. This conclusion may have a significant impact on 
the search for microscopic BHs in the BW [H, Ugl . 
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